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Abstract
For 0 < p,α <∞, let ‖f ‖p,α be the Lp-norm with respect the weighted measure dVα(z) =
δD(z)
α−1 dV (z). We define the weighted Bergman space Apα(D) consisting of holomorphic func-
tions f with ‖f ‖p,α <∞. For any σ > 0, let A−σ (D) be the space consisting of holomorphic
functions f in D with ‖f ‖−σ = sup{δD(z)σ |f (z)|: z ∈ D}<∞. If D has C2 boundary, then we
have the embedding Apα(D) ⊂ A−(n+α)/p(D). We show that the condition of C2-smoothness of
the boundary of D is necessary by giving a counter-example of a convex domain with C1,λ-smooth
boundary for 0 <λ< 1 which does not satisfy the embedding.
 2003 Elsevier Inc. All rights reserved.
1. The growth rate of Apα functions
Let D be a bounded domain in Cn. For z ∈D let δD(z) denote the distance from z to
∂D. We define for each α > 0 a measure dVα(z) on D by dVα(z) = δD(z)α−1 dV (z),
where dV (z) denotes the volume element. For 0 < p,α < ∞, let ‖f ‖p,α be the Lp-
norm with respect the measure dVα and we define the weighted Bergman space Apα(D)=
{f holomorphic on D: ‖f ‖p,α <∞}.
It is well known that∣∣f (z)∣∣ (1− |z|2)−(n+α)/p‖f ‖p,α, f ∈Apα(Bn), z ∈ Bn,
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boundary, the same sharp estimates for Apα(D) functions hold. For convenience of the
reader we give the proof.
Theorem 1.1. Let D be a bounded domain in Cn with C2 boundary. Then we have∣∣f (z)∣∣ δD(z)−(n+α)/p‖f ‖p,α, f ∈Apα(D), z ∈D.
Proof. For p0 ∈ D sufficiently near ∂D, we translate and rotate the coordinate system
so that z(p0) = 0 and the Im z1 axis is perpendicular to ∂D. Let B(p0) denote the non-
isotropic ball
B(p0)=
{
|z1|< δD(p0),
n∑
2
|zj |2 < δD(p0)
}
.
Since ∂D is C2, it follows that there is an 0 > 0 such that for p0 sufficiently near ∂D and
z ∈ B0(p0) we have
δD(p0)
2
 δD(z) 2δD(p0) (1.1)
(see [1]). Let ∆0(p0) denote a polydisc centered at p0 with radius 0δD(p0) in the nor-
mal direction and radii
√
0δD(p0)/(n− 1) in complex tangential directions. Note that
∆0(p0)⊂ B0(p0). Let 0 <p <∞ and α > 0. Let f ∈Apα(D). Since |f |p is plurisubhar-
monic on ∆0(p0), we have
∣∣f (p0)∣∣p  1
(0δD(p0))n+1
∫
∆0 (p0)
∣∣f (z)∣∣p dV (z)
 1
(0δD(p0))n+1
∫
B0 (p0)
∣∣f (z)∣∣p dV (z). (1.2)
By (1.1) and (1.2), it follows that
∣∣f (p0)∣∣p  1
δD(p0)n+α
∫
B0 (p0)
∣∣f (z)∣∣p dVα(z)
or ∣∣f (p0)∣∣ δD(p0)−(n+α)/p‖f ‖p,α. ✷
We observe that C2-smoothness of the boundary of D is necessary for Theorem 1.1.
In Section 3 we give an example of a convex domain with C1,λ-smooth boundary for
0 < λ < 1 which does not satisfy Theorem 1.1. The example shows that even a little loss
of derivative of the boundary is not permitted for the sharp estimate in Theorem 1.1.
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For any σ > 0, the space A−σ (D) consists of holomorphic functions f in D such that
‖f ‖−σ = sup
{
δD(z)
σ
∣∣f (z)∣∣: z ∈D}<∞.
It is easy to verify that A−σ (D) is a Banach space with the norm defined above. Each space
A−σ (D) clearly contains all the bounded holomorphic functions.
We will also consider the space
A−∞(D)=
⋃
0<σ<∞
A−σ (D).
It is clear that a holomorphic function f in D belongs to A−∞(D) if and only if there exist
positive constants C and N such that
∣∣f (z)∣∣ C
δD(z)N
, z ∈D.
From another point of view, A−∞(D) is the smallest algebra of holomorphic functions in
D that contains the space H∞(D) of all bounded holomorphic functions in D and is closed
by differentiation. The growth spaces A−σ and A−∞ were introduced by Korenblum (see
[2] and [3]) in the unit disk case.
We note that
‖f ‖pp,α 
(
sup
z∈D
δD(z)
σ
∣∣f (z)∣∣)p
∫
D
δD(z)
α−1−σp dV (z).
Thus for f ∈Apα(D) it follows that
‖f ‖p,α  ‖f ‖−σ for 0 < σ < α
p
.
Let Nα(D) be the Bergman–Nevanlinna class consisting of holomorphic functions f in D
with ∫
D
log+
∣∣f (z)∣∣dVα(z) <∞.
Corollary 2.1. If D has C2 boundary, then we have
H∞(D)⊂A−σ (D)⊂Apα(D)⊂A−
n+α
p (D)⊂Nβ(D)
for 0 <p,α <∞,0 < σ < α/p, and β > 0.
It is also clear that
A−∞(D)=
⋃
0<p<∞
Apα(D) for α ∈ (0,∞).
For a holomorphic function f in D that is not identically zero, we define its hyperbolic
exponential type
σ(f )= lim sup
z→∂D
log|f (z)|
log 1
.δD(z)
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σ(f )= inf{σ : f ∈A−σ (D)}.
If D has C2 boundary, by Theorem 1.1, we have
σ(f ) n+ α
p
for f ∈Apα(D).
The space A−∞(D) then consists of 0 and functions of finite hyperbolic exponential type.
3. An example
Lemma 3.1. Let u(z)= |z|m+λ in one complex variable z= x+ iy ∈C, where m is a non-
negative integer and 0 < λ< 1. Let R > 0. Then u ∈ Cm,λ(DR(0)), but u /∈ Cm,ν(DR(0))
where λ < ν  1.
Proof. For 0 |α|m we have
Dαu(z)= Pα(x, y)|z|m+λ−2|α|,
where Pα(x, y) is a polynomial homogeneous of degree |α| in x and y . Hence it follows
that ∣∣Dαu(z)∣∣Kα|z|λ, z ∈DR(0),
and so u ∈ Cm,λ(DR(0)).
For |α| =m we have
|Dαu(x)−Dαu(0)|
|x − 0|ν =
|Pα(x,0)||x|λ−m
|x|ν =K
′
α
1
|x|ν−λ .
Thus u /∈Cm,ν(DR(0)) when λ < ν  1. ✷
Example 3.2. We consider the domain defined by
D = {(z1, z2) ∈C2: |z1|2 + |z2|1+λ < 1}, where 0< λ< 1.
By Lemma 3.1, we can see that D is a bounded convex domain with C1,λ boundary, but it
has no C2 boundary. Let 0 <p <∞ and α  0. We choose c and d such that
2+ α
p
 c < d < 1
p
(
1+ 2
1+ λ + α
)
.
Let f (z1, z2) be some branch of (1− z1)−d on D¯. We prove that
• f ∈Apα(D),
• σ(f ) > c.
The two facts above imply that Apα(D) is not embedded in A−c(D) for (2+ α)/p  c <
d < 1/p(1+ 2/(1+ λ)+ α).
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1− |z1|2 − |z2|1+λ ≈ δD(z1, z2) for (z1, z2) ∈D (3.1)
(see Lemma 2 in [5], Section 3.2.1 of Chapter VI).
First we consider the case α  1. Note that
δD(z1, z2)≈ 1− |z1|2 − |z2|1+λ
=
(√
1− |z2|1+λ − |z1|
)(√
1− |z2|1+λ + |z1|
)
 2
(√
1− |z2|1+λ − |z1|
)
 2|1− z1| for (z1, z2) ∈D. (3.2)
Set r(z1)= (1− |z1|2)1/(1+λ). By (3.2) and Fubini’s theorem, we have∫
D
1
|1− z1|dp dVα 
∫
|z1|<1
dA(z1)
|1− z1|dp−α+1
∫
|z2|<r(z1)
dA(z2)

∫
|z1|<1
dA(z1)
|1− z1|dp−2/(1+λ)−α+1

∫
|z1|<1|1−z1|<
dA(z1)
|1− z1|dp−2/(1+λ)−α+1 +
∫
|z1|<1|1−z1|
dA(z1)
for some small  > 0. Let 1− z1 = reiθ , then it follows that
∫
|z1|<1|1−z1|<
dA(z1)
|1− z1|dp−2/(1+λ)−α+1 
∫
0
dr
3π
2∫
π
2
dθ
rdp−2/(1+λ)−α
 1,
since dp− 2/(1+ λ)− α < 1. Thus f ∈Apα(D) for α  1.
Now we let 0 < α < 1. We have∫
D
1
|1− z1|dp dVα 
∫
(z1,z2)∈D|1−z1|<
1
|1− z1|dp dVα +
∫
D
dVα. (3.3)
Since ∂D is of class C1, by local C1 coordinate changes, for (z01, z
0
2) ∈ ∂D we may assume
that the x axis points along the outward normal to ∂D in a neighborhoodU of (z01, z
0
2) (here
z1 = x + iy). Thus
∫
δD(z1, z2)
α−1 dV 
1∫
xα−1 dx <∞ for 0 < α < 1.D∩U 0
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D
dVα <∞ for 0 < α < 1. (3.4)
By (3.1), it follows that∫
(z1,z2)∈D|1−z1|<
1
|1− z1|dp dVα 
∫
|z1|<1|1−z1|<
dA(z1)
|1− z1|dp
×
∫
|z2|<r(z1)
(
1− |z1|2 − |z2|1+λ
)α−1
dA(z2).
We estimate the integral
I (z1)=
∫
|z2|<r(z1)
(
1− |z1|2 − |z2|1+λ
)α−1
dA(z2).
By the polar coordinates, we have
I (z1)
r(z1)∫
0
(
1− |z1|2 − r1+λ
)α−1
r dr

1−|z1|2∫
0
(
1− |z1|2 − s
)α−1
s2/(1+λ)−1 ds

(
1− |z1|2
)2/(1+λ)+α−1 1∫
0
(1− τ )α−1τ 2/(1+λ)−1 dτ.
Note that
1∫
0
(1− τ )α−1τ 2/(1+λ)−1 dτ = B
(
2
1+ λ,α
)
,
where B(·, ·) is the beta function. Hence we have∫
(z1,z2)∈D|1−z1|<
1
|1− z1|dp dVα 
∫
|z1|<1|1−z1|<
dA(z1)
|1− z1|dp−2/(1+λ)−α+1  1, (3.5)
since dp − 2/(1 + λ) − α < 1. By (3.3), (3.4), and (3.5), it follows that f ∈ Apα(D) for
0 < α < 1.
Now we will choose a sequence 〈(zν1, zν2)〉 in D such that
δD
(
zν, zν
)c∣∣f (zν, zν)∣∣→∞ as ν→∞.1 2 1 2
H.R. Cho, E.G. Kwon / J. Math. Anal. Appl. 285 (2003) 275–281 281Let (zν1, z
ν
2)= (1− ν−1, (2ν)−1/(1+λ)). Then
∣∣zν1∣∣2+∣∣zν2∣∣1+λ =
(
1− 1
ν
)2
+ 1
2ν
= 1− 3ν − 2
2ν2
< 1, if ν  1.
Thus (zν1, z
ν
2) ∈D for ν  1. Also it follows that
1− ∣∣zν1∣∣2 − ∣∣zν2∣∣1+λ = 1−
(
1− 1
ν
)2
− 1
2ν
= 3
2ν
− 1
ν2
.
Thus we have
1
2ν
 1− ∣∣zν1∣∣2 − ∣∣zν2∣∣1+λ  32ν for ν  1.
Hence we get δD(zν1, z
ν
2)≈ ν−1. Since |f (zν1, zν2)| = |1− zν1|−d = νd , it follows that
δD
(
zν1, z
ν
2
)c∣∣f (zν1, zν2)∣∣≈ νd−c →∞ as ν→∞.
Thus we get the result σ(f ) > c.
References
[1] F. Beatrous, Lp estimates for extensions of holomorphic functions, Michigan Math. J. 32 (1985) 361–380.
[2] B. Korenblum, An extension of the Nevanlinna theory, Acta Math. 135 (1975) 187–219.
[3] B. Korenblum, A Beurling-type theorem, Acta Math. 138 (1977) 265–293.
[4] W. Rudin, Function Theory in the Unit Ball of Cn, Springer, New York, 1980.
[5] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press,
Princeton, NJ, 1972.
[6] D. Vukotic´, A sharp estimate for Apα functions in Cn , Proc. Amer. Math. Soc. 117 (3) (1993) 753–756.
